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General Motivation



Predict Lip Acceleration from EMG Signals

Better understand the diction mechanism

Underlying random variables pX, Yq function-valued.

Goal
Learn a model h such that hpXq « Y
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Assess Statistical Risk

Underlying random variables pX, Yq in Rd ˆ R

Goal
Learn a model h such that hpxqpθq estimates the conditional
θ-quantile of Y given X “ x
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Emotion Transfer for Faces

Transfering a target emotion to an input facial representation
Move continuously from one emotion to another

Goal
Learn a model h : X Ñ pΘ Ñ Xq such that hpxqpθq transfers
emotion θ to the input x
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Common Ground Between These Problems

Target functions h˚ : X Ñ pΘ Ñ Rpq function-valued

h˚ P arg min
h measurable

EpX,Yq

„
ż

Θ
ℓpθ,hpXqpθq, Ypθqqdµpθq

ȷ

loooooooooooooooooooooomoooooooooooooooooooooon

Rphq

‚ Lip acceleration prediction: θ is time, Θ “ r0, 1s
‚ Risk assessment: θ is quantile level, Θ “ p0, 1q
‚ Emotion transfer: θ encodes emotion, Θ “ B1 Ă R2

[Rus80] or Ă Rs [VA19]
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Towards Learning Function-Valued Models

Goal of this thesis
Learn function-valued functions, i.e. mappings

h : X Ñ pΘ Ñ Rpq

Benefits:

‚ Regression with functional data [RS97]
‚ New angle to multi-task learning [EP04]
‚ Imposing functional constraints

Challenges: Representation and Computability
Vector-valued RKHSs chosen as hypothesis space [Ped57]
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Modeling Function-Valued Functions



Scalar kernels and RKHSs

Scalar kernel k : X ˆ X Ñ R [Aro50]

‚ Symmetric: kpx, x1q “ kpx1, xq
‚ Positive definite function:

ř

i,jPrns αiαjkpxi, xjq ě 0

Associated RKHS Hk “ Spantkp¨, xq : x P Xu

Reproducing property: hpxq “ xh, kp¨, xqyHk

Machine learning problem with pxi, yiqiPrns P pX ˆ Rqn:

ĥ “ arg min
hPHk

1
n

ÿ

iPrns

ℓphpxiq, yiq
looooooooomooooooooon

data fitting

`
λ

2 ∥h∥2Hk
looomooon

regularization

Representer theorem [SC08]

Dpα̂iqiPrns P Rn s.t. ĥpxq “
ÿ

iPrns

α̂ikpx, xiq
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Integral Operators

‚ Represent functions in RKHSs to handle x¨, ¨yL2rΘ,µs

Let Θ compact, µ probability measure, k continuous

Tk :
˜

L2rΘ, µs Ñ L2rΘ, µs

f ÞÑ
`

θ ÞÑ
ş

Θ fpθ
1qkpθ, θ1qdµpθ1q

˘

¸

Spectral decomposition:

@f P L2rΘ, µs, Tkf “

8
ÿ

j“1
λjxf, ψjyψj

‚ λ1 ě λ2 ě . . . ě 0 nonnegative eigenvalues
‚ pψjq

8
j“1 orthonormal system in L2rΘ, µs

Truncated basis with first m eigenvectors

h «

m
ÿ

j“1
βjψj
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Operator-Valued Kernels and vv-RKHSs

VV-RKHS framework [CDT06]:

‚ Hilbert space of functions with values in a Hilbert space Y

‚ Associated to an operator-valued kernel acting on Y

‚ Drives regularization

Scalar-valued kernel Operator-valued kernel

k : X ˆ X Ñ R K : X ˆ X Ñ LpYq

kpx, x1q “ kpx1, xq Kpx, x1q “ Kpx1, xq#
ř

i,jPrns αiαjkpxi, xjq ě 0
ř

i,jPrns

〈
Kpxi, xjqyi, yj

〉
Y

ě 0
Kx : y P Y ÞÑ px1 ÞÑ Kpx1, xqyq

Hk “ Spantkp¨, xq : x P Xu HK “ SpantKxy : px, yq P X ˆ Yu

hpxq “ xh, kp¨, xqyHk P R hpxq “ K#x h P Y
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Regularized Empirical Risk Minimization (RERM) in vv-RKHSs

Family of problems:

‚ Data pxi, yiqni“1 P pX ˆ Yqn i.i.d.
‚ Convex loss L : Y ˆ Y Ñ R

ĥ :“ arg min
hPHK

1
n

ÿ

iPrns

Lphpxiq, yiq `
λ

2 ∥h∥2HK

Representer theorem [MP05]

Dpα̂iq
n
i“1 P Yn s.t. ĥpxq “

ÿ

iPrns

Kpx, xiqα̂i

Challenge: Y infinite-dimensional
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Parametric Duality for RERM in vv-RKHSs

Parametric duality for convex optimization [Roc70]
Fenchel-Legendre conjugate of a function f : Y Ñ R:

f‹pyq :“ sup
y1PY

xy, y1yY ´ fpy1q

Notation: Li : y ÞÑ Lpy, yiq

Dual optimization problem [BSD16]
It holds that ĥpxq “ 1

λn
ř

iPrns Kpx, xiqα̂i, where

pα̂iq
n
i“1 “ arg min

pαiq
n
i“1PY

n

ÿ

iPrns

L‹
i p´αiq `

1
2λn

ÿ

i,jPrns

@

αi, Kpxi, xjqαj
D

Y

Challenge: Y infinite-dimensional
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Modeling Function-Valued Functions in vv-RKHSs

Our use case: Y space of functions Θ Ñ Rp

Simplest case p “ 1, combine two scalar kernels

kX : X ˆ X Ñ R kΘ : Θ ˆ Θ Ñ R

View 1: Y “ HkΘ

Kpx, x1q “ kXpx, x1qIdHkΘ
P LpHkΘq

View 2: Y “ L2rΘ, µs

Kpx, x1q “ kXpx, x1qTkΘ P LpL2rΘ, µsq

Structure: HK » HkX b HkΘ » HkXbkΘ
Same space of functions up to a reparameterization
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Optimization Challenges

Goal
Find the coefficients α̂i

Two main challenges:
Representation

‚ α̂i function of θ
‚ Y infinite-dimensional, either HkΘ or L2rΘ, µs

Computability

‚ Lpf,gq “
ş

Θ ℓpθ, fpθq,gpθqqdµpθq

‚ L‹
i p´αiq involves Y

‚ Kpxi, xjqαi “ kXpxi, xjqTkΘαi

13/39



Proposed Solutions

In this thesis
Global study of primal and dual methods

type Y parameterization loss algorithm

closed form L2rΘ, µs eigenbasis of TkΘ square loss analytic
‚ closed form HkΘ double representer square loss analytic
‚ primal HkΘ double representer sampled GD
primal HkΘ ORFF any SGD
‚ dual L2rΘ, µs eigenbasis of TkΘ compatibility loss/TkΘ GD
dual L2rΘ, µs linear splines prox computable PGD

Today:

‚ Primal with view 1 for infinite task learning
‚ Dual with view 2 for robust functional output regression
‚ Closed form with view 1 for emotion transfer
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Infinite Task Learning



Jointly Learning Many Tasks

Extending multi-task learning [EP04]

Learning tasks with a free parameter θ:

‚ Quantile regression [KB78] (θ quantile level)
‚ Cost-sensitive classification [ZE01] (θ imbalanced
coefficient)

‚ One-class SVM [Sch+01] (θ proportion of outliers)

Goal
Jointly learn these tasks for a continuum of θ [Tak+13]

Multi-task learning Infinite-task learning
Finite number of pθjq

p
j“1 Infinite number of θ

Rp-valued model function-valued model
sum of loss functions

ş

of loss functions
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Conditional Quantiles

Conditional quantile:
Take pX, Yq random variables in Rd ˆ R, pX, Yq „ PpX,Yq

qpxqpθq :“ inftt P R |PpY ď t | X “ xq ě θu, θ P p0, 1q

Shape:
qpxq increasing function of θ

16/39



Pinball Loss

Variational formula:

qpxqpθq P arg min
tPR

E rℓpθ, t, Yq|X “ xs

where ℓpθ, ¨, ¨q is the pinball loss [KB78]:

ℓpθ, t, sq “ max pθps´ tq, pθ ´ 1qps´ tqq

θ ´ 1
θ

s´ t

ℓpθ, t, sq

Pinball loss for θ “ 0.8
17/39



Problem Formulation

Task at level θ P Θ

min
h measurable

EpX,Yq rℓpθ,hpXq, Yqs

described by ℓ : Θ ˆ R ˆ R Ñ R
Given S :“ pxi, yiqni“1 P pX ˆ Rqn i.i.d. following PX,Y
Optimization problem

ĥ “ arg min
hPHK

1
n

ÿ

iPrns

Lphpxiq, yiq `
λ

2 ∥h∥2HK

‚ Lphpxq, yq “
ş

Θ ℓpθ,hpxqpθq, yqdµpθq

‚ µ encodes importance of tasks
‚ RSphq :“ 1

n
ř

iPrns Lphpxiq, yiq empirical risk
‚ View 1: K “ kX IdHkΘ
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Sampled Empirical Risk

Representer theorem [MP05]:

Dpα̂iq
n
i“1 P Hn

kΘ , ĥ “
ÿ

iPrns

Kp¨, xiqα̂i

Not enough: representation, computability

Sampled empirical risk

rRSphq :“
1
n

ÿ

iPrns

ÿ

jPrms

ηijℓpθij,hpxiqpθijq, yiq

‚ Monte-Carlo: ηij “ 1
m , pθijq

m
j“1

i.i.d.
„ µ

‚ Quasi Monte-Carlo: ηij “ 1
m , θij low discrepancy (Sobol)

‚ Kernel quadrature rules, ...
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Double Representer Theorem

Approximated problem

ĥ “ arg min
hPHK

rRSphq `
λ

2 ∥h∥2HK

Double representer theorem (chapter 3)

ĥpxqpθq “
ÿ

iPrns

ÿ

jPrms

α̂ijkXpx, xiqkΘpθ, θijq, α̂ij P R

Idea: reproducing property in both HkX and HkΘ

‚ Finite parameterization of the solution P Rnˆm

‚ Computable loss
‚ Plug-in prefered solver depending on ℓ

20/39



Generalization Bounds for Quantile Regression

Goal: bound with high probability

Rpĥq ´ RSpĥq

Framework of uniform stability [BE02]

‚ Suitable to vv-RKHSs [Kad+16]
‚ Trade RSpĥq against rRSpĥq

Generalization bound for QR with QMC approximation
(chapter 5)

Rpĥq ď rRSpĥq ` OPX,Y

ˆ

1
λ

?
n

˙

` O
ˆ

logm
?
λm

˙

‚ Requires bounded kX, kΘ, Y
‚ Choosing m «

?
λn
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Handling Shape Constraints

Example of functional constraint: @x,qpxq is nondecreasing
Add soft constraint to encourage non crossing quantiles:

Ωncphq :“ λnc

ż

X

ż

Θ
|´pBΘhqpxqpθq|` dPXpxqdµpθq

Approximated as

rΩncphq :“ λnc
1

nncmnc

ÿ

iPnnc

ÿ

jPmnc

ˇ

ˇ

ˇ
´pBΘhqpx̃iqpθ̃jq

ˇ

ˇ

ˇ

`
.

‚ Grid px̃iqiPnnc , pθ̃jqjPmnc

‚ Hyperparameter λnc ą 0

22/39



Handling Shape Constraints

Problem to solve:

ĥ “ arg min
hPHK

rRSphq `
λ

2 ∥h∥2HK
` rΩncphq

Working with RKHSs -> access to derivatives [Zho08]
Double representer theorem with derivatives (chapter 5)
Dpα̂ijqi,jPrnsˆrms P Rnm and pβ̂ijqi,jPrnncsˆrmncs P Rnncmnc s.t.

ĥpxqpθq “
ÿ

i,jPrnsˆrms

α̂ijkXpx, xiqkΘpθ, θjq

`
ÿ

i,jPrnncsˆrmncs

β̂ijkXpx, x̃iqB2kΘpθ, θ̃jq

‚ Finite dimensional representation
‚ Price to pay: tune λnc, modify loss

23/39



Numerical Illustration

Small data regime prone to crossing quantiles pn “ 40q
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Deep Kernel Models for QR

Managing fish resources: estimate age of fishes using otholiths
pictures [Ord+20]

Age 3 Age 7 Age 10 Age 13

X is image, Y is age of the fish
Using a deep kernel [Yan+15; MZS17]

kXpx, x1q “ kVpϕωpxq, ϕωpx1qq

‚ ϕω : X Ñ V neural architecture (Inception v3, [Sze+16])
‚ kV kernel on the feature space
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Numerical Illustration

Use of Random Fourier Features [RR07] for kV and kΘ
-> Finite dimensional representation by design
Joint optimization on α (kernel) and ω (neural)

26/39



Functional Output Regression:
Beyond the Square Loss



Functional Output Regression

Data pxi, yiqni“1 i.i.d. realisations of pX, Yq. Response variable Y is
a function: yi P L2rΘ, µs

Regularized empirical risk minimization in vv-RKHS:

ĥ P arg min
hPHK

1
n

ÿ

iPrns

Lpyi ´ hpxiqq `
λ

2 ∥h∥2HK

‚ Lpfq “ 1
2

ş

Θ f
2pθqdθ closed-form (ridge regression)

with view 1 [Lia07], view 2 [Kad+16]

Goal
Enforce robustness or sparsity for ĥ through L

Exploit duality: use Y “ L2rΘ, µs, K “ kXTkΘ

27/39
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Exploit duality: use Y “ L2rΘ, µs, K “ kXTkΘ

27/39



The Huber Loss

Combine f,g : Y Ñ R through infimal convolution [BC+11]

f ˝gpyq “ inf
y1PY

fpy´ y1q ` gpy1q

Huber loss of parameter κ ą 0:

L “
1
2 ∥¨∥2Y ˝κ ∥¨∥Y

−4 −2 0 2 4
0

1
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3

4
1
2
jjxjj2

Huber loss
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3 −3 −2 −1 0 1 2 3

0
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‚ Asymptotics as κ ∥¨∥Y instead of ∥¨∥2Y 28/39



A Dual Approach

Dual problem:

pα̂iq
n
i“1 “ arg min

pαiq
n
i“1PY

n

ÿ

iPrns

L‹p´αiq´xαi, yiyY`
1
2λn

ÿ

i,jPrns

@

αi, Kpxi, xjqαj
D

Y

Infimal convolution and duality:

L‹ “

ˆ

1
2 ∥¨∥2Y ˝κ ∥¨∥Y

˙‹

“

ˆ

1
2 ∥¨∥2Y

˙‹

looooomooooon

1
2 ∥¨∥2Y

` pκ ∥¨∥Yq
‹

looomooon

χBκp¨q

where χ indicator function, Bκ ball of radius κ
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Learning with Huber Loss

Dual problem, Huber loss (chapter 4)

inf
pαiq

n
i“1PY

n

ÿ

iPrns

1
2 ∥αi∥

2
Y ´ xαi, yiyY `

1
2λn

ÿ

i,jPrns

kXpxi, xjq
@

αi, TkΘαj
D

Y

s.t. @i P rns, ∥αi∥Y ď κ

Challenges: compute
@

αi, TkΘαj
D

Y
, handle the constraints

Represent the pαiqiPrns using eigenbasis pψjqjPrms of TkΘ

αi
loomoon

P Y

“
ÿ

jPrms

αij
loomoon

P R

ψj
loomoon

P Y

‚ Finite dimensional parameterization by α P Rnm
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Learning with Huber Loss

Notation

‚ Gram matrix KX “ rkXpxi, xjqsi,jPrnsˆrms P Rnˆn

‚ Eigenvalues matrix Λ “ diag tpλjqjPrmsu P Rmˆm

‚ Data-fitting term R “ rxyi, ψjyYsi,jPrnsˆrms P Rnˆm

‚ ∥¨∥2,8: maximum of row-wise ∥¨∥2

Practical optimization problem (chapter 4)

inf
αPRnˆm

Tr

ˆ

1
2ααJ ´ αRJ `

1
2λnKXαΛαJ

˙

s.t. ∥α∥2,8 ď κ.

‚ Solvable using projected gradient descent
‚ When κ is large, recover ridge regression [Kad+16] 31/39



Numerical Illustration

Lip dataset, augmented with outliers.
so: scale of the outlier
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Emotion Transfer for Facial
Landmarks



Problem Formulation

‚ Facial representation space X “ Rd

‚ Emotion embedding space Θ Ă Rs

Goal
Learn a model h : X Ñ pΘ Ñ Xq such that hpxqpθq transfers
emotion θ to the input x

Given p xi
loomoon

P X

, pyijqjPrms
looomooon

P Xm

qiPrns observed at emotions pθijqi,jPrnsˆrms

Empirical risk

RSphq “
1
nm

ÿ

iPrns

ÿ

jPrms

∥∥hpxiqpθijq ´ yij
∥∥2
Rd
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Emotion Encoding

Pre-defined ℓ2 normalized embedding in valence-arousal
space [Rus80]
Centroids from AffectNet database [Kol+19]
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Hypothesis Space: vv-RKHS

Modeling with view 1

h : X ÞÑ pΘ ÞÑ Xq
looomooon

P HG
looooooomooooooon

P HK

‚ Scalar kernel kΘ
‚ Scalar kernel kX
‚ Positive self-adjoint matrix A P Rdˆd encoding output
similarities

Gpθ, θ1q “ kΘpθ, θ1qA, Kpx, x1q “ kXpx, x1qIdHG
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Optimization Problem

Optimization problem

ĥ “ arg min
hPHK

RSphq `
λ

2 ∥h∥2HK

Representer theorem (chapter 3)

ĥpxqpθq “
ÿ

iPrns

ÿ

jPrms

kXpx, xiqkΘpθ, θijqAα̂ij, α̂ij P Rd

In matrix form (Sylvester equation)

Kα̂A` nm2λα̂ “ Y

‚ α P Rnmˆd, K P Rnmˆnm, Y P Rnmˆd

‚ If A “ IdRd

α̂ “ pK` λnm IdRnmq
´1 Y
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Experimental Results

GAN-based baseline [Cho+18]
Mean square error

Methods KDEF frontal RaFD frontal

Ours 0.011˘ 0.001 0.007˘ 0.001

StarGAN 0.029˘ 0.003 0.024˘ 0.007

Classification accuracy

Methods KDEF frontal RaFD frontal

Ours 74.81˘ 3.10 77.11˘ 3.97

StarGAN 70.69˘ 8.46 65.88˘ 8.92
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Conclusion and Perspectives



Conclusion

Rich framework of integral losses and vv-RKHSs
Tractable optimization problems after approximation

‚ New angle to multi-task learning: functional view
‚ Adapted to functional output regression

Take home message for optimization

‚ Primal: often the simplest
‚ Dual: convoluted losses
‚ Manageable computational complexity

Python library torch_itl

38/39
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Perspectives

More complex Θ
‚ Quantile regression with Y P Hilbert

Bayes risk analysis
‚ Bound Rpĥq ´ infhRphq

Varying notions of outliers
‚ 1
2 ∥¨∥2Y ˝κ ∥¨∥?

Richer kernels
‚ Beyond separable K “ KX b KΘ, deep kernels
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Appendix



Random Fourier Features

Valid for shift-invariant kernels: kpx, x1q “ k0px´ x1q

Bochner’s theorem: D unique finite measure ρk s.t.

kpx, zq “

ż

Rd
cos pxω, x´ zyq dρkpωq.

Given some integer m and pωjq
m
j“1 i.i.d. sampled from ρk, define

@px, x1q P X2, k̃px, x1q “
1
m

m
ÿ

j“1
cos pxωj, x´ x1yq

Feature map

ϕ̃pxq “
1

?
m

pcos pωJ
1 xq, . . . , cos pωJ

mxq, sin pωJ
1 xq, . . . , sin pωJ

mxqqJ.

39/39



Integral Operator Eigendecomposition

Problem: find pλ, ψq

Tkψ “ λψ

Hard in general, few closed form (Laplace kernel & µ Lebesgue)
Reduces to SVD with RFF

Ψi,j “

ż

Θ

cospωJ
i θq cospωJ

j θqdµpθq Ψi`m,j`m “

ż

Θ

sinpωJ
i θq sinpωJ

j θqdµpθq

Ψi`m,j “

ż

Θ

sinpωJ
i θq cospωJ

j θqdµpθq Ψi,j`m “

ż

Θ

cospωJ
i θq sinpωJ

j θqdµpθq

Eigendecomposition of Ψ gives coefficients/eigenvalues
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Experimental Setup Quantile Regression

‚ kX, kΘ Gaussian
‚ Smoothed pinball ”a la Huber”
‚ LBFGS on α

Other possibility: duality
Non smooth in primal -> Smooth in dual + linear constraints

39/39



Quantitative Results Quantile Regression

dataset JQR IND-QR IQR

(pinball pval) (cross pval) (pinball pval) (cross pval) pinball cross

CobarOre 159 ˘ 24 9 ¨ 10´01 0.1 ˘ 0.4 6 ¨ 10´01 150 ˘ 21 2 ¨ 10´01 0.3 ˘ 0.8 7 ¨ 10´01 165 ˘ 36 2.0 ˘ 6.0
engel 175 ˘ 555 6 ¨ 10´01 0.0 ˘ 0.2 1 ¨ 10`00 63 ˘ 53 8 ¨ 10´01 4.0 ˘ 12.8 8 ¨ 10´01 47 ˘ 6 0.0 ˘ 0.1

BostonHousing 49 ˘ 4 8 ¨ 10´01 0.7 ˘ 0.7 2 ¨ 10´01 49 ˘ 4 8 ¨ 10´01 1.3 ˘ 1.2 1 ¨ 10´05 49 ˘ 4 0.3 ˘ 0.5
caution 88 ˘ 17 6 ¨ 10´01 0.1 ˘ 0.2 6 ¨ 10´01 89 ˘ 19 4 ¨ 10´01 0.3 ˘ 0.4 2 ¨ 10´04 85 ˘ 16 0.0 ˘ 0.1

ftcollinssnow 154 ˘ 16 8 ¨ 10´01 0.0 ˘ 0.0 6 ¨ 10´01 155 ˘ 13 9 ¨ 10´01 0.2 ˘ 0.9 8 ¨ 10´01 156 ˘ 17 0.1 ˘ 0.6
highway 103 ˘ 19 4 ¨ 10´01 0.8 ˘ 1.4 2 ¨ 10´02 99 ˘ 20 9 ¨ 10´01 6.2 ˘ 4.1 1 ¨ 10´07 105 ˘ 36 0.1 ˘ 0.4
heights 127 ˘ 3 1 ¨ 10`00 0.0 ˘ 0.0 1 ¨ 10`00 127 ˘ 3 9 ¨ 10´01 0.0 ˘ 0.0 1 ¨ 10`00 127 ˘ 3 0.0 ˘ 0.0
sniffer 43 ˘ 6 8 ¨ 10´01 0.1 ˘ 0.3 2 ¨ 10´01 44 ˘ 5 7 ¨ 10´01 1.4 ˘ 1.2 6 ¨ 10´07 44 ˘ 7 0.1 ˘ 0.1

snowgeese 55 ˘ 20 7 ¨ 10´01 0.3 ˘ 0.8 3 ¨ 10´01 53 ˘ 18 6 ¨ 10´01 0.4 ˘ 1.0 5 ¨ 10´02 57 ˘ 20 0.2 ˘ 0.6
ufc 81 ˘ 5 6 ¨ 10´01 0.0 ˘ 0.0 4 ¨ 10´04 82 ˘ 5 7 ¨ 10´01 1.0 ˘ 1.4 2 ¨ 10´04 82 ˘ 4 0.1 ˘ 0.3

BigMac2003 80 ˘ 21 7 ¨ 10´01 1.4 ˘ 2.1 4 ¨ 10´04 74 ˘ 24 9 ¨ 10´02 0.9 ˘ 1.1 7 ¨ 10´05 84 ˘ 24 0.2 ˘ 0.4
UN3 98 ˘ 9 8 ¨ 10´01 0.0 ˘ 0.0 1 ¨ 10´01 99 ˘ 9 1 ¨ 10`00 1.2 ˘ 1.0 1 ¨ 10´05 99 ˘ 10 0.1 ˘ 0.4

birthwt 141 ˘ 13 1 ¨ 10`00 0.0 ˘ 0.0 6 ¨ 10´01 140 ˘ 12 9 ¨ 10´01 0.1 ˘ 0.2 7 ¨ 10´02 141 ˘ 12 0.0 ˘ 0.0
crabs 11 ˘ 1 4 ¨ 10´05 0.0 ˘ 0.0 8 ¨ 10´01 11 ˘ 1 2 ¨ 10´04 0.0 ˘ 0.0 2 ¨ 10´05 13 ˘ 3 0.0 ˘ 0.0

GAGurine 61 ˘ 7 4 ¨ 10´01 0.0 ˘ 0.1 3 ¨ 10´03 62 ˘ 7 5 ¨ 10´01 0.1 ˘ 0.2 4 ¨ 10´04 62 ˘ 7 0.0 ˘ 0.0
geyser 105 ˘ 7 9 ¨ 10´01 0.1 ˘ 0.3 9 ¨ 10´01 105 ˘ 6 9 ¨ 10´01 0.2 ˘ 0.3 6 ¨ 10´01 104 ˘ 6 0.1 ˘ 0.2
gilgais 51 ˘ 6 5 ¨ 10´01 0.1 ˘ 0.1 1 ¨ 10´01 49 ˘ 6 6 ¨ 10´01 1.1 ˘ 0.7 2 ¨ 10´05 49 ˘ 7 0.3 ˘ 0.3
topo 69 ˘ 18 1 ¨ 10`00 0.1 ˘ 0.5 1 ¨ 10`00 71 ˘ 20 1 ¨ 10`00 1.7 ˘ 1.4 3 ¨ 10´07 70 ˘ 17 0.0 ˘ 0.0
mcycle 66 ˘ 9 9 ¨ 10´01 0.2 ˘ 0.3 7 ¨ 10´03 66 ˘ 8 9 ¨ 10´01 0.3 ˘ 0.3 7 ¨ 10´06 65 ˘ 9 0.0 ˘ 0.1
cpus 7 ˘ 4 2 ¨ 10´04 0.7 ˘ 1.0 5 ¨ 10´04 7 ˘ 5 3 ¨ 10´04 1.2 ˘ 0.8 6 ¨ 10´08 16 ˘ 10 0.0 ˘ 0.0
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Impact of m in Quantile Regression

Number of sampled locations pθjq
m
j“1
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Deep Kernel Learning with Random Fourier Features

Parameterized model:

hpxqpθq “ ϕ̃pxqJαϕ̃pθq

Optimization problem:

min
vPVn

Eθ„µ

«

1
n

n
ÿ

i“1
ℓ

´

θ,
”´

KX b rΦpθq7
¯

v
ı

i
, yipθq

¯

`
λ

2 Tr
`

KXvvJ
˘

ff

.

looooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooon

:“ Jpθ, vq

-> Stochastic gradient descent, compatible with NN
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Projected GD for Huber loss

Jpαq :“ Tr

ˆ

1
2ααJ ´ αRJ `

1
2λnKXαΛαJ

˙

Gradient step:

αpt`1q “ αptq ´ γ

ˆ

αptq `
1
λnKXα

ptqΛ ´ R
˙

Projection step:

α
pt`1q
i: “ min

¨

˝

κ∥∥∥αpt`1q
i:

∥∥∥
2

, 1

˛

‚α
pt`1q
i:

Stepsize γ “ 1
C :

∇Jpαq “ α `
1
λnKXαΛ ´ R, C “ 1`

1
λn ∥KX∥op λ1
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ϵ-insensitive Losses

@y P Y, Lϵpyq “

$

&

%

0 if }y}Y ď ϵ

inf
}d}Yď1

Lpy´ ϵdq otherwise

Using convolutions:

Lϵ “ L ˝χBϵp¨q

L‹
ϵ “ L‹ ` ϵ ∥¨∥
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Experimental Results: Partial Observations

What if we do not observe all emotions for all subjects ?

‚ Random mask pηi,jqiPrns,jPrms P t0, 1unˆm

‚ Use zipθi,jq only if ηi,j “ 1
‚ Percentage of missing data p :“ 1

nm
ř

i,jPrnsˆrms ηi,j

0.0 0.2 0.4 0.6 0.8 1.0
% of missing data
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Logarithm of the test MSE (min-mean-max) as a function of the
percentage of missing data. 39/39



Qualitative Results

Radial sampling in the emotion direction
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